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1 Introduction, Basic Notation and Main Results

The notion of pathwise stationary solutions for stochastic partial differential equations (SPDEs)
is a fundamental concept in the study of the long time behaviour of stochastic dynamical systems
driven by SPDEs. It describes the pathwise invariance of the stationary solution, over time, along
a measurable and P-preserving transformation 6, : 2 — {2 and the pathwise limit of solutions of
the random dynamical systems. It is a random fixed point Y (w) in the state space of the random
dynamical system, in the sense that the solution v(¢,Y (w),w) of the SPDE with initial value
Y (w) is equal to Y (6w), which is still Y, but with a different sample path 6;w. Therefore Y (6;w)
is a particular solution of the SPDE with the pathwise stationary property. Needless to say that
the “one-force, one-solution” setting is a natural extension of the equilibrium or fixed point in
the theory of the deterministic dynamical systems to stochastic counterparts. Such a random
fixed point consists of infinitely many randomly moving invariant surfaces on the configuration
space due to the random external force pumped to the system constantly. The study of its
existence and stability is of great interests in both mathematics and physics. We would like to
point out that the existence of stationary solutions is a basic assumption in many works on
random dynamical systems e.g. in the study of stability (Has'minskii [11]), and in the theory
of stable and unstable manifolds (Arnold [1], Mohammed, Zhang and Zhao [17], Duan, Lu and
Schmalfuss [9]). But these theories give neither the existence of stationary solutions, nor a way
of finding them. However, in contrast to the deterministic dynamical systems, the existence of
stationary solutions of random dynamical systems is a more difficult and subtle problem. It is
easy to see that the solutions of elliptic type partial differential equations give the stationary
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solutions of the corresponding parabolic type partial differential equations, though the elliptic
partial differential equations are difficult problems to study as well. However, for stochastic
partial differential equations of the parabolic type, such kind of connection does not exist. In
[17], Mohammed, Zhang and Zhao introduced an integral equation of infinite horizon for the
stationary solutions of certain stochastic evolution equations. But the existence of solutions
of such stochastic integral equations in general is far from clear. In [25], Zhang and Zhao
proved that the solution of an infinite horizon backward doubly stochastic differential equation
(BDSDE) under Lipschitz condition, if exists, is a perfect stationary solution. Moreover, under
the Lipschitz and monotone conditions, the solution indeed exists and gives the stationary
solution of the corresponding SPDEs of the parabolic type. It was known that the solutions of
infinite horizon backward stochastic differential equations (BSDEs) give a classical or viscosity
solution of elliptic type partial differential equations (Poisson equations) from the works of
Peng [21] and Pardoux [18]. So philosophically, it is very natural to represent the stationary
solutions of SPDEs as solutions of the corresponding infinite horizon BDSDEsS, like the case of
the Poisson equations as the solutions of the infinite horizon backward stochastic differential
equations. Other works on stationary solutions of certain types of SPDEs usually under additive
or linear noise include Sinai [23], [24], Caraballo, Kloeden, Schmalfuss [7].

In this paper, we will put above idea on infinite horizon BDSDEs in a general setting and
prove a general theorem which basically says, if the infinite horizon BDSDE has a unique
solution in the space S5 M>~K([0,00); L2(R%;RY)) @ M*K([0, 00); LZ(R%; RY)) for a
K > 0, and the finite horizon BDSDE gives the representation for the solution of the corre-
sponding SPDE, then, the solution of the infinite horizon BDSDE gives the stationary solution
of the corresponding SPDE. Following this result, to study the existence of stationary solu-
tions of SPDEs is transformed to study the existence and uniqueness of the solutions of the
corresponding infinite horizon BDSDEs. In [25], we studied such equations when the nonlinear
coefficients are assumed to be Lipschitz continuous. In this paper, we continue our work [25]
to study the weak solution (in the weighted Sobolev space H pl (R%;RY) space) of the following
parabolic SPDE without assuming the Lipschitz continuity of f on v:

dv(t,z) = [Lv(t,z) + f(z,v(t,2),0" () Du(t, z))]dt
+g(z,v(t,x), 0" (z)Du(t, z))dB;. (1.1)

Here B is a two-sided cylindrical Brownian motion valued on a separable Hilbert space Uy in
a probability space (£2,.%, P); £ is the infinitesimal generator of a diffusion process X% (the
solution of Eq.(1.5)) given by

n

1
L= > ai ) g 8% +Zb (1.2)

ij=1 i=1

with (as;(x)) = oo*(x); L2(R% R') is the Hilbert space with the inner product

() = [ (o) w)da,

i.e. a p-weighted L? space, where p(z) = (1+ |z|)?: R — R, ¢ > d + 2, is a weight function.
It is easy to see that p(x) is a continuous positive function satisfying [, |z|Pp~ (z)dz < o
for any p € (2,9 — d). Note that we can consider more general p which satisfies the above
condition and conditions in [3] and all the results of this paper still hold. The SPDEs we study
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in this paper are very general with the noise term g being allowed to be nonlinear in v and V.
However, many techniques of [25] when f is Lipschitz do not work here. Although we can follow
a similar procedure, as in [25], to consider first the finite horizon BDSDEs, then to make the
connection with the weak solutions of the corresponding SPDEs and to find a Cauchy sequence
to pass the terminal time of BDSDEs to infinity, we have to introduce new techniques to deal
with the difficulties arising from the lack of the Lipschitz continuity of f on y.

Define u(t, z) = v(T — t,x) for arbitrary T and 0 < t < T. We can show that u satisfies the
following backward SPDE:

{ du(t, ) + [Lu(t,z) + f(z,u(t,z), (0" Vu)(t,z))]dt — g(z,u(t, ), (a*Vu)(t,x))dTBt =0
u(T,z) = v(0, ). (1.3)

Here .Z is given by (1.2) and Bs = Br_,— Br. Let N denote the class of P-null sets of .#. We
define

ytTéyBT\/,%W\/N, for 0 <t <T;
553 \/JW\/N for t > 0.

Recall Definitions 2.1 and 2.2 in [25]:

Definition 1.1 Let S be a Hilbert space with norm | - ||s and Borel o-field . For K € R™,
we denote by M>~5([0,00);S) the set of Byr+ ® F | measurable random processes {$(s)}s>0
with values in S satisfying

(i) ¢(s): 2 — 'S is Fs measurable for s > 0;
(ii) E[f;~ e~ "]l é(s)]|3ds] < co.

Also we denote by S>~K([0,00);S) the set of Br+ @ F /. measurable random processes
{(s)}s>0 with values in S satisfying

(i) ¥(s) : 2 — S is Fs5 measurable for s > 0 and (-,w) is continuous P-a.s.;
(i) Elsup,s e 5 [p(s)]13] < o0

Definition 1.2 Let S be a Hilbert space with norm || - ||s and Borel o-field .. We denote by
M>O([t, T);S) the set of By ) @ F |7 measurable random processes {¢(s)}i<s<r with values
in S satisfying

(i) ¢(s): 02— S8 is Fsr \/Lg%‘ﬁfOO measurable fort < s <T;

g T
(it) E[f; [l¢(s)]|3ds] < oo.

Also we denote by S*O([t, T];S) the set of By 11®.F | measurable random processes {1)(s) }i<s<t
with values in S satisfying

(i) ¥(s): 2 —S is Fsr \/t?T}'EfOO measurable fort < s <T and Y(-,w) is continuous P-a.s.;
(ii) Elsupy< <y [¥(s)[3] < o0

Recall also the weak solution of the SPDE (1.3) as follows for the convenience of the reader.

Definition 1.3 A process u is called a weak solution (solution in L%(Rd;Rl)) of Eq.(1.3)
if (u,0*Vu) € M>°([0,T]; LZ(R*RY)) @ M0([0, T]; L2(R% RY)) and for an arbitrary ¢ €
CER%ERY),
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1 r * *
-/R u(t, z)p(z)dr — w(T, z)p(z)dx — §/t /Rd (c*Vu)(s,z)(c* V) (zx)dxds

d Rd
T
_/t /Rd u(s,x)div((b — A)(p)(]))dmds
T
:/t /Rdf(x,u(s,x),(g*vu)(s,x))gp(w)dms
0o T
- i(z,u(s,x), (c*Vu)(s,x 2ded B (s ~as, ’
Jz_:l/t /Rdgf(’ (s,2), (0" Vu)(s, z)) p(x)dxd B;(s) P (1.4)

Here A] 2 %Z?:l aa{;;(iz) ’ and A = (A17A27 T A~d)*

Remark 1.4 The weak solution of the forward SPDE (1.1) can be defined similarly. Sometimes
in this paper, we denote it by v(t,vo)(+) to emphasize its dependence on its initial value vg.

For k > 0, we denote by Clk,b the set of C*-functions whose partial derivatives of order less than
or equal to k are bounded and by H the p-weighted Sobolev space (See e.g. [3]). In order to
connect BDSDEs with SPDEs, the form of BDSDEs should be a kind of FBDSDEs (forward
and backward doubly SDEs). So we first let X be a diffusion process given by the solution
of the following forward SDE for s > t,

X =t [+ [ (e, (15)
t t

where b € Cﬁb(Rd;Rd), o€ Cﬁb(Rd;Rd x R%), and for 0 < s < t, we regulate X\® = 2. We
now construct the measurable metric dynamical system through defining a measurable and
measure-preserving shift. Let 6, : £ — 2, t > 0, be a measurable mapping on (2,%,P),
defined by

ét © Bs = Bert - Bt, ét oWy =Wept — Wy

Then for any s, t > 0,

(ii) 0y = I, where I is the identity transformation on {2;
(lll) 95 o 0,5 = 03+t.
For any r >0, s > t, z € R?, apply 0, to SDE (1.5), then we have
0,0 Xt" = X0 forall r,s,t, 2 as. (1.6)
The following lemma in [25] is an extension of the equivalence of norm principle given in
[15], [4], [3] to the cases when ¢ and ¥ are random.

Lemma 1.5 (generalized equivalence of norm principle [25]) Let p be a weight function and X
be the diffusion process given above. If s € [t,T], ¢ : 2 x R? — R is independent of ﬁt‘g and
op~t € LY (2 @ RY), then there exist two constants ¢ > 0 and C > 0 such that

CE[Ad |‘P(33)‘,071(1‘)dx] < E[/Rd |¢(X£vz)|p*1($)d$] < CE[/I;(Z |§0(1')|/)71(£U)d1‘]

Moreover if W : 2 x [t,T) xR — R, ¥(s,-) is independent of Z, and Wp~' € L' (2@ [t,T]®
R%), then
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T T
B / Gl @deds < B[ [0 X0 @)dods

Rd
/ / (s,2)|p~ (x)dzds].
Rd

We consider the following infinite horizon BDSDE:

e—KsYst,z :/ e—Krf(th th Ztm d’l"+/ Ke™ Kryt o e

S

—/ e_Krg(Xf’x,Yf’x,Zﬁ’”‘)dTBr—/ e K (ZbT AW,). (1.7)
s S

Here B, = VA i3 (r)ej, {B;(r)}j=1.2... are mutually independent one-dimensional Brow-
nian motions; f : R x R! x R¥— R!; g : R4 x R! x R* — EQUO(RI). Set g; = gy/Ajej
R? x R! x R*— R!, then Eq.(1.7) is equivalent to

esty*St,z :/ 7Krf(Xt:1: Yt{L’ Zt:r dT’+/ Ke™ Krytwdr
,Z/ th Ytac th)dJrBj(T)*/ efKr<Z;‘i,m’dWr>.

Definition 1.6 (Definition 2.7 in [25]) A pair of processes (Y., Z5) € §2~K \ M?>»~5([0, o0);
d. - . d.pdY) 4 : : :
L2(RERY)) @ M5 ([0, 00); L2(RYRY)) is called a solution of Eq.(1.7) if for an arbitrary

¢ € COR4RY),

[eeovimps = [ [ e o vie, 2 ple)dads
Rd s R4
—|—/ Ke*KTY“” o(z)dxdr

_ / /R eI gy (X, Y, 28 o) dad By ()

—/ </ KT 2L oV d, dW,) P — as, (1.8)
s R4
We will prove the following theorem under a general setting.

Theorem 1.7 If Eq.(1.7) has a unique solution (Y.*", Z1") € §2=K N M?>~%([0, o0); L2(R%RY))
& M?~5([0,00); L2(R% RY)) and u(t,-) £ Y} is a continuous weak solution of Eq.(1.3), then
u(t, ) has an indistinguishable version which is a “perfect” stationary weak solution of Eq.(1.3).
Furthermore, let By = By — By for all s > 0 in Eq. (1.7) and vy(-) £ w(T' —t,-) = Y;:F,/:tt"
for arbitrary T' and t € [0,T"], then v:(-) is independent of T’ and is a “perfect” stationary
weak solution of Eq.(1.1) i.e.

ve(w) = vo(frw) = v(t, vo(w),w) for all £ > 0 a.s.

We will give a proof of this theorem in the last section. In order to find a stationary weak
solution of SPDE (1.1), we need to assume reasonable conditions on f and g so that we can
check the conditions in Theorem 1.7. Indeed under the weak Lipschitz and monotone conditions
posed in [25], all the conditions of this theorem can be verified. In this paper, we will consider
the following conditions:



6 Q. Zhang and H.Z. Zhao

(A.1). Functions f and g are PBra @ PBr1 @ PBre« measurable and there exist constants
M,M;,C,Cj,a; > 0 with Z;‘;l M; < oo, E;‘;l C; < oo and Zjoil a; < 3 st. for any
Y € L2(R%RY), X1, X, Z1, Z2 € LZ(R% R?), and a measurable function U : R* — [0, 1],

/Rd U(x)|f(X1(2), Y (2), Z1(2)) = f(X2(2),Y (2), Zo(2))Pp~" (2)dz
S o U(a)(M]X1(x) = Xa(2)* + C|Z1(2) = Zo(x)]*) p~ " () da,

/R U(@)lg,(X1(2), Yi(2), Z1(2)) — 05(Xa(2), a(2), Za(@) Pp (2}
< / @M% (2) = Ko@) + GV (@) = V2@ + a3l 21(2) - Za(@)?)p (w)de

(A2). Forpe (2,q—1), [za ||g(9c,0,0)||12g0(R1)p—1(g;)dx < 0.
(A.3). There exists a constant My > 0 s.t. for any ¢t > 0, z,z € R, y € R,

|f(z,y,2)| < Mo(1+ [y] + |2]).

(A.4). There exists a constant p > 0 with 2u — pK — pC — @ 3521 Cj > 0 s.t. for any
Y1,Y; € L2(R4GRY), X, Z € L2(R% RY), and a measurable function U : R* — [0, 1],

[ U@ i) = Yala) (F(X (@), Ya(o). Z(0) = F(X ), Ya(o). Z()p )
< [ U@Ii(e) = Vala) o ().

(A.5). For any = € R?, (y,2) — f(x,y,2) is continuous.
(A.6). The functions b € CZ, (R4 RY), 0 € CF, (R x R4 RY), and for p given in (A.2), the global
Lipschitz constant L for b and o satisfies K — pL — @Lz > 0.

Note here we don’t assume f is Lipschitz in the variable y. We will prove

Theorem 1.8 Under Conditions (A.1)—(A.6), Eq.(1.7) has a unique solution (Y}1* ZL.7).
Moreover E[sup,sq [ga ¢ PX5|YE P p~ ! (2)dz] < oo.

Theorem 1.9 Under Conditions (A.1)~(A.6), letu(t,-) 2 Y}, where (Y."', Z"") is the solution
of Eq.(1.7). Then for arbitrary T andt € [0,T], u(t,-) is a weak solution for Eq.(1.8). Moreover,
u(t,-) is a.s. continuous w.r.t. t in L%(Rd;Rl),

It is obvious that the conditions of Theorem 1.7 are satisfied from the conclusions of Theorem
1.9, so we obtain the stationary weak solution of SPDE (1.1):

Corollary 1.10 Under Conditions (A.1)~(A.6), for arbitrary T and t € [0,T], let v(t,) =
YTT__tt", where (Y.t",Z.t") is the solution of Eq.(1.7) with Bs = By_s — Br for all s > 0. Then
v(t,-) is a “perfect” stationary weak solution of Eq.(1.1).

In order to study infinite horizon BDSDEs and stationary solutions of SPDEs, first we have
to study the finite time BDSDEs and therefore obtain a probabilistic representation of weak
solutions of corresponding SPDEs. This will be given in Section 2. These results are novel, not
only because of the connection of BDSDEs and SPDEs, but also due to the fact that the SPDEs
we study appear to be new as coefficient g of the noise can be a general one. The existence and
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uniqueness of such equations when g is independent of Vv or linearly dependent on Vv were
studied by the pioneering works of Da Prato and Zabczyk [8], Krylov [13]. Our work shows
that studying the BDSDEs is a natural method for studying such general SPDEs. The infinite
horizon BDSDEs and stationary solution of SPDEs will be studied in Section 3.

2 Finite Horizon BDSDEs and the Corresponding SPDEs

2.1 Conditions and main results

In this section, we will study the following BDSDESs on finite horizon and establish its connection
with SPDEs, which is necessary to establish the solution of infinite horizon BDSDE and its
connection with the SPDEs:
T
)/;t,w = h(Xé”m) + / f(7°7 X;E’Ia Y;ﬂt@a Z'rt‘7m)dr
T ) . T
—/ g(r, Xb® Yo 769 d' B, —/ (Z8* dW,), 0<s<T. (2.1)

Hereh 2 xRY— R f:]0,T] xRYX R x RE— R, g : [0, T] x RT xR x R — L3 (R).
Set g; = g\/Aje; : [0,T) x RY x R x R4— R!, then Eq.(2.1) is equivalent to

)/St’z—h(XtT / f,rXta: Ytac Ztm)d
. T
—Z / 0 X YR, 2N, — [ 7w, o< s<T

Definition 2.1 A pair of processes (Y., Z!") € §2°([0, T}; L2(R%; RY)) ® M>9([0, T;
L%(Rd;Rd)) is called a solution of Eq.(2.1) if for any p € CO(R%;RY),

T
[ vimewis = [ hxie@de+ [ [ s xie v 2 o@)deds
oo T .
Y [ X i 2 @ded ()
j=1"¢

_ /3T</Rd Z0% o(2)dr,dW,) P — as. (2.2)

We assume

(H.1). Function h is 3“:,3700 ® Pra measurable and Bl [, |h(x)?p ! (x)dz] < oc.

(H.2). Functions f and g are %o 7] ® Bra @ Br1 ® Hra measurable and there exist constants
C,Cj,a; > 0 with 3772, Cj < 00 and Y22, o < 5 s.t. for any 7 € [0,7T], Y,Y1,Ys €
L2(R%RY), X, Z1, Zs € L2(R%RY),

/ (X (@), Y (2), Zy(2)) — F(r, X (2), Y (2), Za()) 2o~ (x)da
<c / 1Z4(x) — Za(a) 2o~ (),
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/Rd l9;(r, X (2), Y1 (@), Z1(2)) — g;(r, X (2), Ya(2), Za(2))|*p™ " (2)dz
< / (Ci1(2) = Ya(2)]* + | Z1(2) = Z2(2)[*)p " (2)d.
Rd

. T _
(H.3). The integral [ [q ||g(r,a:,0,0)H%?Jo(Rl)p Yz)dzdr < cc.
(H.4). There exists a constant M, > 0 s.t. for any r € [0,T], z,z € R%, y € R!,

[f(rsz,y, 2)] < Mo(1+ Jy[ + [2])-

(H.5). There exists a constant y € R! s.t. for any r € [0,T], Y1,Y2 € L3(R4GRY), X, Z €
L2(R%R?), and a measurable function U : R* — [0, 1],

y U(x)(Yilz) = Ya(2)) (f(r, X (@), Yi(2), Z(2)) = f(r, X (2), Ya(2), Z(2))) p~" (x)dw

< / U@IYi(e) ~ Yalw) P )

(H.6). For any 7 € [0,7], z € R?, (y,2) — f(r,z,y, 2) is continuous.
(H.7). The functions b € Cﬁb(Rd;Rd), o€ C’f:b(]Rd;]Rd x RY).

The first objective of this section is to prove
Theorem 2.2 Under Conditions (H.1)~(H.7), BDSDE (2.1) has a unique solution.
Then we will make the connection between the solutions of BDSDE (2.1) and SPDE (1.3).

Theorem 2.3 Under Conditions (H.1)~(H.7), if we define u(t,z) = Y;'", where (Y1*, Z5%) is
the solution of Eq.(2.1), then u(t,x) is the unique weak solution of Eq.(1.3) with uw(T,x) = h(x).
Moreover, u(s, Xt%) = Y52, (6*Vu)(s, X1®) = ZL% for a.a. s € [t,T), x € R? a.s.

2.2 Existence and uniqueness of the solutions of BDSDESs with finite dimensional
noise

In their pioneering work [19], Pardoux and Peng solved the following BSDE with Lipschitz
conditions on the coefficient:

T T
Y, = §+ / f(ra }/r, Zr)dr - / <Zra dWr> (23)

After that, many researchers studied how to weaken the Lipschitz conditions so that the BSDE
system can include more equations. To name but a few, in [21], [16], [18], [12], [5] and [6],
researchers made their significant contributions to this subject. In [16], Lepeltier and San Martin
assumed that the Rl-valued function f(r,y, z) satisfies the measurable condition, the y, z linear
growth condition and the y, z continuous condition, then they proved the existence of the
solution of Eq.(2.3). But the uniqueness of solution failed to be proved since the comparison
theorem cannot be used under non-Lipschitz condition.

In [22], after proving the comparison theorem of BDSDE with Lipschitz condition, the
authors used the method in [16] and proved the corresponding result for the following R!-
valued BDSDE:
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T T T
YS:§+/ f(r,YT,Zr)dr—/ (g(nYT,ZT),dTBT)—/ (Zy, dW,.). (2.4)

They assumed the same condition for f as in [16] and g(r, y, z) satisfies the standard measurable
condition and Lipschitz condition w.r.t. y and z. Then in Theorem 4.1 in [22], they proved the
existence of solution of Eq.(2.4).

First we study the following BDSDE with finite dimensional noise under non-Lipschitz
conditions:

T
}/st,x,n — h(X;lm) +/ f(T, Xﬁ,z7YTt,z,n’Zi,x,n)dT

n

T T
—Z/ gj(T,Xﬁ’z,Y,f’z’",Zﬁ’m’n)dTﬂj(T)—/ (ZL=m dW,.). (2.5)
j=1"% s

Note here in [22] and [16], the authors only dealt with the solution of Eq.(2.5) for a fixed x almost
surely. Of course if one is interested in the classical solution of this SPDEs, it is easy to see that

this implies one can solve Eq.(2.5) for all € R? a.s. by some standard perfection arguments.
But we consider the solution in the space $*°([0, T]; L2(R%; R')) @ M>°([0, T]; L2(R%; R)) in
order to consider the weak solution of the SPDEs. The main task of this subsection is to prove

Theorem 2.4 Under Conditions (H.1)~(H.7), Eq.(2.5) has a unique solution
t,n ot , . d. , . d. pd
(Y5om, 28 € S20([0, T]; L2(R%: RY)) @ M20([0, T; L2(R% RY)),

We will first acknowledge the following Proposition 2.5 at the moment, then we prove Theo-
rem 2.4 with the help of Proposition 2.5. Note that in the proof of Theorem 2.4 and Proposition
2.5, we can consider the solution in S*°([t, T]; L2(R%:; RY)) @ M>O([t, T]; L2(R%; R?)) due to the
arguments in Remark 3.7 in [25].

Proposition 2.5 Given (U.(-),V.(-)) € S¥°([0, T]; L2(R% RY)) @ M>0([0, T1; L2 (R R?)), then
under Conditions (H.1)-(H.7), the equation

T
Vi = W)+ [ g X e e ar
S

-3 [ s X U@ @) B0 - [@enan) @)

has a unique solution.

Proof of Theorem 2.4. Uniqueness. Assume there exists another (Y™, Z""™) e §20([t, T);
L%(Rd; RY)) @ M2O([t, T; Lz(Rd; R%)) satisfying (2.5). Define

}/St,m,n — Y;t,f,n _ }/St.,m,n and Zz,x,n — Z;,m,n _ Z‘z,m,n7 t S s S T.

Then with probability 1 we have that for a.e. x € R, (Y1®n, ZL®n) satisfies

T
yhan - / (Flr, X102, Y500, Z62m) _ f(p, X102 Fhom, Zhem))dy

n LT
=3 [ XY 2 g X T 2 )
j=1"s

T

- / (ZETN W),
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From Condition (H.4) and (Y*", Z5"), (Y2, Z8") € §2O0([t, T]; L2(R% RY)) @ M20([t, T);
L2(R%RY)), it follows that

T
BUC [ 10X Y, 20 o X Vo, 250 B @)
R
<CE/ / 1+|thn|2_|_|thn|2+|Ztacn|2_|_|thn‘) ()dl‘d’/‘]

where and in the rest of this paper C), is a generic constant. So from Fubini theorem we have
for a.e. x € R?,

T
E[/ |f(r, XEo, YEom Zbem)y — f(r, X0 YEen Ztem)2dr) < oo
t

Similarly, with Condition (H.2), we have for a.e. z € R

n T
> B / lg; (r, XE=, Y hom, ZEmm) — g (r, XE7, Y070, 205 2dr] < oo
t

j=1

For a.e. z € R?, we apply the generalized Ito’s formula ([10]) to e® ¢, (Y*"), where K € R
and

¢M(£L') = xzf{_M§m<]\/l} + M(2(E — M)I{rZM} — M(2£C + M)I{£<_M}
Then

T T
ooV + K [t (T [T e |20 P
S S
T ! — A A
= [ R (XL Y, 2 — 0, X, 25 )

n T

+Z/ eKTI{—MSYTt’m’"<M}|gj(T7 Xﬁ,:E’}/Tt,m,n,Zi,x,n) *gj('ﬁ X;,m’}/:,x,n,zﬁ,zm)‘?dr
1 Vs
n LT

- Z / GKT¢M (Yrt’z’n) (gj (Tv va’zv Yrt,z,n’ Zﬁ,m,n) —9j (T7 Xi’zv Yrt,x,n’ Z;E’I’n))dT/Bj (T)
— . Js

T
- [ R ez aw,), (2.7)

We can use the Fubini theorem to perfect (2.7) so that (2.7) is satisfied for a.e. z € R? on a full
measure set that is independent of x. If we define wMT(z) =2 when x = 0, then 0 < % <

2. Taking integration over R% on both sides of (2.7), we can apply the stochastic Fubini theorem
([8]). Noting that the stochastic integrals are martingales, so taking the expectation, we have

T
B[ oo (7o a)da) + KB [ oM ina (Vo) w)dodr]

T
E[/ /R T _yreypen aany| 200 PpT (2)ddr]

/ / Ker tzn)u‘ytmn| p 1(1‘)d$d7’]
Rd
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oo T
HO+ Y B[ [ R 2y ) dads]
J=1 s R4
1 = T _
+(*+Zo¢j)E[/ / K7\ 2512 )= () dardr].
2" & o Ja

Taking the limit as M — oo and applying the monotone convergence theorem, we have

\/ — 1 — r r|7t,x,n —
B eV o (@)da] + G - > el | ez @ydear

(K — 2 — 20 — Zo // KT T E 251 (1) ddr] < 0. (2.8)

Note that all the terms on the left hand side of (2.8) are positive when K is taken sufficiently
large. So by a “standard” argument, we have Y} = 0 for all s € [t,T], a.a. * € R? a.s. Also
by (2.8), for a.e. ZL®m = 0 for a.a. * € R? a.s. We can a.s. We can modify the values of Z at
the measure zero exceptional set of s such that ZL®" = 0 for all x € R? a.s.

Existence. If we regard Eq.(2.6) as a mapping, then by Proposition 2.5, (2.6) is an it-
erated mapping from S2O([t,T]; LZ(R%;RY)) @ M>O([t, T]; L2(R% R?)) to itself and we can
obtain a sequence {(Y,h®mi ZbL@zmi)loo, from this mapping. We will prove that (2.6) is a
contraction mapping. For this, define for t < s < T and arbitrary given (Y.t"’n’l,Z.t"’”’l) €

2,0 . 72(Rd. ol 2,0 . 72(Tpd. Rd
S=E([E, T L, (R RY)) @ M=P([t, TT; L, (R R)),

Yst,x,n,i _ Yst,x,n,i _ Y'St,alc,n,i—l7 Z;&,a:,n,i _ Z;f,a;,n,i _ Z;,ac,n,i—l7
-1 _ t,x t,x,n,i t,x,n,i t,x t,x,n,i—1 t,.x,n,i—1 .
gj(Sax)*gj(Sva’ 71/57 ’ 7aZs7 ’ 7)7934(37)(‘9’ aY;’ Y 7Zs’ H ), 1*233;"'

Then for a.e. x € RY, (YEomN ZbznNy gatisfies

T
)’/St,:c,n,N _ / (f(r Xt,m Y*t,m,n,N7 Zﬁ,x,n,N) _ f(’l", X;S‘,a:’ Yst,x,n,Nfl’ Z;,x,n,Nfl))dT

—Z / (o)) - [ g aw,),

S

Applying generalized [t6’s formula to "¢, (V,E@mN) for a.e. x € R, by the Young inequality,
Conditions (H.2) and (H.5), we can deduce that

/ Ks’l/} (Ytaan) —1( )d,fC—f—K/ / K?"w (thnN> —1( )d.’IidT
Rd
/ / {7M<17j=1""vN<M}|Zi’x’n’N|2p71(I)d$dr
Rd
< [ e g s
Rd Yt:an T

_ 1 [T _
_|_QC/ /Rd eKT|YTt’$’n’N|2,0_1(9L‘)dxdT + §/ /Rd eKr|Z:,:c,n,N|2p—1(x)dxdr
s s
o) T o0 T
+ch/ /Rd eKrD_/TtJCJL,N—l|2p—1(x)dxdr+Zaj/ /Rd eKT|Z£’x’n’N_1‘Zp_l(x)dl‘dT
Jj=1 s j=1 S
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n T , _ .
=30 [ runeg e (@) dad )
j=17%

_/T</ eKrw’ (thnN)Zta:nN —1( )d(E dW> (29)
s R4

Then taking expectation and the limit as M — oo, we have

T ~ 1 T _
(K — 21 — 20)E] / / RTF N P (a)dwdr] + S E / / oK) 2= N 1251 (1) ]
Rd
/ /]Rd K7 ZCD/tan 12+Za|Zt;an 1|2) —1( )dmdr}
Jj=1

First assuming that 3372, C;, 3272, a; > 0, we have
T —
(2K —4p — 4C)E[/ / BTyt N 2 071 (p)dadr] + E| / / eir| Zbe N 12571 (1) dadr]

<2204j / / Kr |thnN 1|2+|thnN 1|2) 71( )dxdr]

@

Letting K = 2u + 2C + szool C’ , we have

/ / Kr |Ytan|2+‘Zta:nN|2) 71( )d:L'dT] (210)
R4 ] 1 Q;

<2Za3 / / Kr ‘thnN 1|2+|thnN 1| ) ( )dIdT]

Note that Eft Jra €7 %| |2+ |- |?)p~(z)dzdr] is equivalent to E[ftT Jaa (112 +
| - [?)p~!(x)dzdr]. From the contraction principle, the mapping (2.6) has a pair of fixed
point (V%™ 7ZE™%) that is the limit of the Cauchy sequence {(}/'.t"’"’N,Z.t"’”’N)}]O\,O:1
in MZO([t, T); L2(R%G RY)) @ M2O0([t, T]; L2(R%; R?)). We then prove that Y™ s also the
limit of V"™ in S20([t, T]; L2(R%;R')) as N — oco. For this, we only need to prove that
{Y.t"’”’N}Jo\,o:1 is a Cauchy sequence in S*O([t, T]; L2(R% R")). For this, from (2.9), by the B-
D-G inequality, the Cauchy-Schwartz inequality and the Young inequality, we have

E[ sup / e g (V27N o= () ]

t<s<T

<CE/ / |YtrnN| +|Ztrn,N|2_'_D7Tt,rc,n,N—1|2_~_|ZtrnN 1|2) ( )dmdr]

+C,E| / / by, (VN Y 2 = d:c/ Z|gN L, x)|2p~ Y (z)dxdr]

T
+CpE[\/ / / |, (VN 21 (2) dae / | ZEm N2 01 (1) ddr]
t Rd Rd

T
S CpE[/ /Rduy;t,m,n,NF T |Zﬁ,ac,n,N|2 + ‘W,m,n,N—1|2 + |Z:ﬁ’x’n’N_1|2)p_1(l‘)d$dr]
t
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5B s [ (V)P (@)l

t<s<T

where C}, depends on ||, C, Z;il oy, Zjoil C; and the fixed constant in the B-D-G inequality.
Taking the limit as M — oo and applying the monotone convergence theorem, we have

E[ sup / s |y e N2 )71 (1) dx) (2.11)
t<s<T JRd

T
S M(;,E[/ /Rd eKr(D‘/Tt,x,n,N—1|2 + IZﬁ,m,n,N—1|2 4 D‘/Tt,:c,n,N‘Q + ‘Zi,ac,n,N|2)p—l(x)dajdr]7

where M(')' > ( is independent of n and N. Without losing any generality, assume that M > N.
We can deduce from (2.10) and (2.11) that

1
(BLswp [ i = yiem ) da))

1<s<T

M

< Y (Bl [P @)
. t<s<T JRd

M T
Z (MOHE[/ / eKr<|}7:,m,n,i—1|2 + |Z:,z,n,i—1|2 + |}7Tt,m,n,i|2 + |Zf"m’n’i|2>p_1($)d$d’/‘])
. t Rd

Nl

IN

IN

1=N-+1
- )
( M / / Kr |Yt:vnz 1|2+|Ztmnz 1|2
Z ( Z] 1C 0 R4 g 1 Q;

o0
=~ Cio_ . _ ;
+%|Yrt,x,n,z|2 + |Zf,$,"ﬂ|2)p_1(x)dmd7“])
Zj_la'

2 2372«
Z ((2 ] MO / / Kr |Ytznz 1‘2+|thnz 1|2) 71( )dxdr])
. R4 J l Q@

N is2 22;’:1 Qj
o0
i=N+1  j=1 251G

/ / K’r |Ytzn1|2_|_|thn1| ) ( )dxdr])
Rd J 1

W=

[N

IN

)M

Nl

— 0

as M, N — o0, since 22;’;1 a; < 1. So we proved our claim.
If either or both Z;‘;l Cj, Z;’;l a; = 0, we can prove the above convergence using similar
method or the above convergence is trivially correct. Theorem 2.4 is proved. o

The remaining work in this subsection is to prove Proposition 2.5. First we do some prepa-
rations.

Lemma 2.6 Under Conditions (H.1)~(H.7), if there exists (Y.(-), Z.(-)) € M*°([t, T]; L2(R% R'))

& M2*O(]t, T];L%(Rd;Rd)) satisfying the spatial integral form of Eq.(2.5) fort < s < T, then
2,0 . T2(Rd. o1 : :

Y.(-) € S5O, T); Ly (R RY)) and therefore (Ys(z), Zs(x)) is a solution of Eq.(2.5).

Proof. Similar to the proof of Lemma 3.3 in [25], we can prove Yi(-) is continuous w.r.t.

s in L2(R%R') under the conditions of this lemma. We only mention that we can use
Condition (H.4) to deal with the term f(r, X%* Y, (z), Z,(x)) although there is no weak
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Lipschitz condition for Y,.(z). We omit the proof here. Now we only show the proof of
Elsup,< <t [ga |Ys(x)[?p~ (z)dz] < oo briefly. For a.e. € R%, applying the generalized Ito’s
formula to ¢a (Y;(2)), by Lemma 1.5, the B-D-G inequality and the Cauchy-Schwartz inequal-
ity, we have

Bl sup [ ¥un(Ys(x))p™ (z)dx]

t<s<T JRd

T
< C’pE[/Rd |h(z)|?pt (z)dx) +C,,E[/t /Rd(‘yr(x)‘Z 1 Z(2)2)p (@) dwdr]
n_ T
+Cp2/t /Rd(H l9;(r,2,0,0)*)p~ " (x)dwdr < oo.

So taking the limit as M — oo and applying the monotone convergence theorem, we have
Y.(-) € S%O([t, T];L%(Rd;RI)). Recall that a solution of Eq.(2.5) is a pair of processes
in 5270([0,T];L%(Rd;R1))®M2’O([O,T];L%(Rd;Rd)) satisfying the spatial integral form of
Eq.(2.5), therefore (Y;(x), Zs(x)) is a solution of Eq.(2.5). o

From the proof of Lemma 2.6, one can similarly deduce that
Corollary 2.7 Under Conditions (H.1)-(H.7), if there exists (Y.(-), Z.(-)) € M?*°([t, T]; L2(R%;
R1)) ®M2’0([t,T];L£(Rd;Rd)) satisfying the spatial integral form of Fq.(2.6) fort < s < T,
then Y.(+) € S2O([t, T];Li(Rd;Rl)) and therefore (Ys(x), Zs(x)) is a solution of Eq.(2.6).

For the rest of this paper, we will leave out a similar localization argument as in the proof
of Theorem 2.4 and Lemma 2.6 when applying It6’s formula to save the space of this paper.

Proof of Proposition 2.5. The proof of the uniqueness is rather similar to the uniqueness
proof in Theorem 2.4, so it is omitted.
Existence. Define

Frry,2) = f(r, X027y, 2) and G5 (r) = g;(r, X)2", U (2), Vo (2)),

then for a.e. x € R%, (2.6) becomes

T
Yhen — p(xh) / Fr(r, Y gbem dr—Z/ (r)d"B;(r) / (Zbmn dW,).

S

(2.12)
Then it is easy to see that for a.e. z € R%, f* and gj satisfy

(H.1). fo:[t,T] x 2 x R! x RE— R is By 1) @ Fo 1 \/9:}?700 ® PBr1 @ Bra measurable and
g; [t T) x 2— R is B @ For \/97’?:00 measurable.

(H.2)'. For any r € [t,T], y € R, |fm(r,y,z)| < My(1+ |y| + |2]).

(H.3)'. For any r € [t,T], (y,2) — f*(r,y, z) is continuous.

By Theorem 4.1 in [22], for a.e. z € R? Eq.(2.12), as well as Eq.(2.6), has a solution
(Yien zteny e M2O([t, T];RY) @ M2O([t, T]; RY). In the following, we will prove that (Y*"

ta, 2,0 . 72(TRd. TRd 2,0 . 72(TRd. TRl s :
Zymr) € M2O([t, T); Lo(RYG RY)) @ M20([t, TT; Ly (R% RY)) under the conditions of Proposi-
tion 2.5.
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First by Condition (H.4) or Condition (H.2)’, Conditions (H.2), (H.3) and (H.7), for a.e.
z € R?, we have

n

T T
E| / [F(r, X2 Y, Ztem)2g) 3 E| / 19, (r, X%, U, (2), Vi (@) Pdlr] < oo,
t t

j=1

Then for a.e. € R, applying the generalized It&’s formula to eX"|Y,%*"|2 we have

T T
E[CKSD/;’I’HF} + KE[/ CKT|YTt,z,n‘2dT] —|—E[/ CKT|Z£’I’n|2dT]
S . S
BXTINCX )P+ 2B | eXrYnn fn X0, Y, 2 )
+ZE/ g, (r, XE* U (), Vie(2)) [Pdr].
Taking the integration over R¢ and by Conditions (H.1)—(H.5), (H.7) and Lemma 1.5, we have
E[/ Ks‘Ytzn|2 —1 d:c +KE/ / Kr Ytzn|2 —1( )dl‘d?"]
R4
/ / Kr|thn‘2p71( )da:dr}
Rd
= E[/ (X" P~ (z)dz] + 2E/ / FTY BN f (e, XET YR Z85M) p7 (3) dadr]
R4

+ZE / / KT Lg; (1, X0%, Up(2), Vi (2))|2p~ " () dacdr]

<CE/ Ih(2)[2p~ (2)da] + (20 + 2C + 1) E / / KTV E0 25 (1) dadr]
wyerf / i @)+ G4 GBI [ (WP + @y @
—l—C'ijl/s /Rd lgj(r,2,0,0)*p ! (x)dxdr.

It turns out that

E[/ oy Een 2~ (z)da) + (K — 2 — 2C — 1)E //R MY 2pT () dadr]

/ / oK 205 207 (2) drdr]

T
<GB W@ @del+Cy+ GEL[ [ (U@ + Vi) @)
n .7
0,3 [ [ los(r.0.0)F @)dods

< 0. (2.13)

Taking K sufficiently large, we can see that (Y:""", Z""") € M2O([t, T]; L2(R%; RY)) @ MO([t, T);
L2(R%RY)) and for ae. 2 € RY, (YE5n, Z1om) satisfies Eq.(2.6) on a full measure set 27 C 2
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dependent on z. But we can use the Fubini theorem to perfect Eq.(2.6) so that (Y®n, ZL*m)
satisfies (2.6) for a.e. z € R? on a full measure set {2 independent of 2. To see this, from (2.13),
we have for any s € [t,T],

Bl / eS|V 25 ()] = / B[R [yom 2~ (2)]dz < oo, (2.14)
Rd Rd

so for a.e. ¥ € RY, there exists a full measure set 2% C 2 s.t. Y/%" < oo on 2. Denote the
right hand side of (2.6) by F(s,x). Then by Eq.(2.6), for z € R%, there exists a full measure
set 27 C 2 st. YH¥" = F(s,x) on 2'". Then for a.e. z € R% we have Y*" = F(s,x) on
2N 2'". Since now for a.e. x € RY, YH¥" < 0o on 222", so F(s,x) < oo and we can
move F'(s,z) to the other side of the equality to have Y*" — F(s,x) = 0 on the full measure
set 2 (N £2'*. Thus

E[|YE™™ — F(s,2)|]dr = 0.
R4

By the Fubini theorem, we have
B[ vien — F(s,a)lds) 0.
Rd

This means that there exists a full measure set (2 independent of  s.t. on §2, 5% — F(s,2) = 0
for z € £¥, where £ is a full measure set in R% and depends on w. Similarly, from (2.14), we
also know that there exists another full measure set {2 independent of z s.t. on £2, Y% < oo
for x € £, where £ is a full measure set in R and depends on w. Take 2 = Qﬂ 2 and
E¥ = £“NE“, then both are still a full measure set and on 2, Y™ < oo for z € £¥,
furthermore F(s,z) < co. We can move items in the equality Y/*" — F(s,z) = 0 to have
Yi®m = F(s,x) for z € £ on a full measure set {2 independent of .

Now we have (Y)*m, zE=m) e M%O([t, T]; L2(R% RY)) @ M>O([t, T]; L2(R% R')) and for
t<s<T, (Yhen zben) satisfies (2.6) for a.e. € R? on a full measure set 2 independent
of z. Then for any ¢ € CO(R%; R!), multiplying by ¢ on both sides of Eq.(2.6) and taking the
integration over R%, we have that (V@7 ZL#") satisfies the spatial integral form of Eq.(2.6)
for t < s < T. By Corollary 2.7, V""" € §%9([t, T]; L2(R%; R')) and (Y5®", ZH®™) is a solution
of Eq.(2.6). o

2.3 Existence and uniqueness of solutions of BDSDEs with infinite dimensional
noise

Based on the results of BDSDEs with finite dimensional noise, now we can solve BDSDEs
with infinite dimensional noise. Following a similar procedure as in the proof of Lemma 2.6,
and applying It6’s formula to eX ’“|Yrt’“’”|2, by the B-D-G inequality we first have the following
estimation for the solution of Eq.(2.5):

Proposition 2.8 Under the conditions of Theorem 2.2, (Y1®" ZL%m) satisfies

T
sup E[ sup / [YEem 12 o7 (2)dx] + sup E[/ / |ZL®m 12 p~ Y (@) dadr] < oco.
Rd n 0 JRd

n 0<s<T
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Now we turn to the proof of the first main theorem of this section.

Proof of Theorem 2.2. The proof of the uniqueness is rather similar to the uniqueness proof
in Theorem 2.4, so it is omitted.

Existence. By Theorem 2.4, for each n, there exists a unique solution (Y™, Z""™) to
Eq.(2.5), so (Y., Z80") € §20([0, T); LA(R% RY)) @ M20([0, T); L2(R% R?)) and for an arbi-
trary ¢ € CO(R%RY),

vesngtote = [ nxietetos [ [ gt v ity
5 R4
—Z -/ / 05 (1 X0 Y1, 205 )l ()

_/5 </Rd 240 () dz, dW,) P — as. (2.15)

Rd

We claim that (V""" Z%"™) is a Cauchy sequence in $%°([0, T7; L2(R%GRY)) @ M20((0, T; L2(RY;
R?)). For this, applying Ito’s formula to eX7|Y,H#m — Yrt’”’*”|2 for a.e. € R%, we have

/ Ks|Ytzm Yta:n|2p 1 d$+/ / Kr|thm
Rd

/ / K7"|Ztacm
R

SC Z {C +a] / / |Ytacm|2+|thm| —1( dxdr

j=n-+1

+/ / 19 (r, X1%,0,0)|%p~ () dadr) } — Z/ / QKT FEEmn G (1 25 () dwd ()
s R4 R

3 / [ 2o T X Y 25 (a)dod! By ()
R

“(z)dzdr

(x)dxdr

Jj=n+1
T
—/ </ el Ty e min hxmn o =1 () dy, dW,.). (2.16)
s R
The claim is true by taking expectation and applying Lemma 1.5 and Proposition 2.8, as n,
m — 00
T ) T
E[/ / efryytem _yhen|® )=l (g) dedr] + E[/ / efr|zbem — zbwm 2 5= () dydr] — 0
0o JRrd 0o JRrd
(2.17)

and by the B-D-G inequality

Bl sup [ Koy -y n)da] —
0<s<T JRa
Denote its limit by (Y}*, Z1:).
We will show that (Y1® Z8%) satisfies (2.2) for an arbitrary ¢ € C2(R?; R'). For this,
we prove that along a subsequence (2.15), the spatial integral form of Eq.(2.5), converges to
Eq.(2.2) in L*(§2) term by term as n — co. Here we only show that along a subsequence
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T
El |/ / (f(r, X0m, Y500, Z00m) — fr, Xp7, Y00, Z07)) () dedr|*] — 0 as n — oo
s R4

Other items are under the same conditions as in Section 3 in [25], therefore the convergence
can be dealt with similarly. Notice

T
BUL [ [ (R0 X0 Y00 2050 — 0, X0 Y1, 20 pla) o)
s R4

T
SB[ [ 1 Xt Y 2 e X0 Y 2 o @)dadr [ fol)Pote)ds

T
SCE[ [ IR X Y 2 < XY 20 )]
s R4
T
SCEL[ [ 1 XEm Y 25 (XY 28 P (@) o]
T
FGEL[ [ 1F0 X Y 20) = 0 X Y0, 20 P o)
s R4
T
<G| [ 1Z0mn — 21 ) dodr)
s R4

T
CEL[ [ 10 ¥ 200 — 1l X, 200 P (@) o
s R4

We only need to prove that along a subsequence

T
E[/ / |f(r, XL Y BEm 705 — f(r, Xf.’””,Y,.t’””,ijf)\zp*l(x)dxdr} — 0 as n — oo.
s Rd
(2.18)

First we will find a subsequence of {Y,*"}° | still denoted by {Y,>*"}5° | s.t. Y,h%" — Yo
for a.e. 7 € [0,T], z € R, as. w and E[[; [gasup, |Y,"*"|?p~ ! (z)dzdr] < oc. For this, from
(2.17), we know that E[fOT Jga |V E= = V¥ 12p= (2)dedr] — 0. Therefore we may assume
without losing any generality that V%" — V4% for a.e. r € [0, 7], x € R?, a.s. w and extract

a subsequence of {YV,»®"}>  still denoted by {Y,/*"}2 | s.t.

n=1»

T
1
\/E[/ / [YEE T = Y 2p () ddr] < o
0 R4

For any n,
n—1 0o
|}/Tt,x,n| < |Y;5,a:,1| + Z ‘Y;t,z,z-i-l _ Y;t’l’q < |Yrt,w,1| + Z |Yrt,.'l),l+1 _ Y;ﬁ,w,z|.
i=1 =1

Then by the triangle inequality of the norm, we have

T
\/E[/ [ sup ¥tz e
0 JRd n

T %)
SB[ avtmay e S et -yt (aydnar]
o JR i=1
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T o0 T
< \/E[/ / [V, 7 2 p=1 () daedr] + Z E[/ / YLy b2 =1 (1) dasdr]
0o Jre ] 0o Jre
— 1
Yt @12 _1 d d -
V “A L3 g

It therefore follows from Condition (H.4) that, for this subsequence {Y,"®"}o°

n=1>

B [ w17 XY, 2 = g0, X, 2, 2 )
Rd n
<G, E| / [t s P [ 26 Py )] < o

0o Jra n

Then, (2.18) follows from applying Lebesgue’s dominated convergence theorem and Condition
(H.6). The proof of Theorem 2.2 is complete. o

2.4 The corresponding SPDEs

We first consider the following SPDE with finite dimensional noise:
T
u™(t,x) = h(x) +/ [(Lu™(s,z) + f(s,@,u"(s,2), (6" Vu")(s,z))]ds (2.19)
t
n T R
— Z/ g; (s, z,u"(s, z), (J*Vu’b)(s7;v))dTﬂj(s), 0<t<s<T.
j=1"*

In the previous subsection, we proved the existence and uniqueness of solution of BDSDE (2.1)
and obtained the solution (Y}*, Zt%) by taking the limit of (Y}®" Z{:%m) of the solutions of
Eq.(2.5) in the space S*O([0,T]; LZ(R% RY)) @ M20([0, T]; L2(R%; R?)) along a subsequence.
We still start from Eq.(2.5) in this subsection.

Proposition 2.9 Under Conditions (H.1)-(H.7), assume Eq.(2.5) has a unique solution (Y,5%",
Zbem) | then for any t < s < T,

5,X0% n

z Xt .
)& =Y " and Z,70 " = ZLO" for r € [5,T), a.a. x € RY as.

Proof. The proof is similar to the proof of Proposition 3.4 in [25]. Here Lemma 2.6 plays the
same role as Lemma 3.3 in that proof. o

A direct application of Proposition 2.9 and Fubini theorem immediately leads to

Proposition 2.10 Under Conditions (H.1)~(H.7), if we define u™(t,x) = Y"", v"(t,x) =
ZP"" | then

u(s, X0%) = YIor yn (s, X0T) = Z0" for a.a. s € [t,T], x € R? aus.

Theorem 2.11 Under Conditions (H.1)~(H.7), if we define u™(t, x) = Y,"™", where (Y% Zt+m)
is the solution of Eq.(2.5), then u™(t,x) is the unique weak solution of Eq.(2.19). Moreover,

u(s, X% = YEO" ) (0" Vu™) (s, X5T) = ZbP for a.a. s € [t,T)], x € R? as.
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Proof. Uniqueness. Let ™ be a solution of Eq.(2.19). Define

F'(s,x) = f(s,x,u"(sw), (U*Vu")(sw)),
G (s,z) = gj (s,z,u"(s, ), (c*Vu")(s,z)).

Since 1™ is a solution, so E[foT Joa ([ (5,2) 2 + |(o*Vu™) (s, 2)|?) p~ ! () dads] < oo and
T n
E[/O /Rd(\F"(s, x)|2 + Z |G?(sv$)‘2)P_l($)dxds]
j=1

T
= E[/O /]Rd (1f (s, @, u™(s,2), (c*Vu")(s,x))]

+Z |9 (5,2, u" (s, 2), (" Vu")(s,2))|?) p~ " () dzds]
T n
<GEL[ [ () + 0 V) o) + 3 lay(s,,0.0) ) (a)dads

< 0. (2.20)

If we define Y/%" = 4™ (s, X5*) and ZL®™ = (6*Vu")(s, X1*), then by Lemma 1.5,

T
Bl [ qvieeieizie
t R4

< CpE[/t /]Rd |u" (s, 2)|* + |(0*Vu™) (s, z)[*p ™ (z)dzds] < co.

2)p1 (a)dards]

Using some ideas of Theorem 2.1 in [3], similar to the argument as in Section 4 in [25], we have
for t < s < T, (V""" Z00") € MOt T]; LA(R4RY)) @ M2O([t, T); L2(R%; RY)) solves the
following BDSDE:

T
Ve = hOG) + [P Xt
n T ) T
=S [ aexidse - [z aw). (2.21)
j=1"% s

Multiply ¢ € C?(R?;R') on both sides and then take the integration over R?. Noting the defi-
nition of F"(s,x), G7(s,z), Y/*™ and ZL™", we have that (Y/*", ZL"") satisfies the spatial
integration form of Eq.(2.5). By Corollary 2.7, Y.""" ¢ S20([t, T); L2(R%; R')) and therefore
(Yhen Zb*m) is a solution of Eq.(2.5). If there is another solution 4 to Eq.(2.19), then by the
same procedure, we can find another solution (Y%, Z6%) to Eq.(2.5), where

Vhom = a™(s, X0") and Zb"" = (o7Va") (s, Xb7).
By Theorem 2.4, the solution of Eq.(2.5) is unique, therefore
YETm = VIO for a.a. s € [t,T)], z € R as.

Especially for ¢t = 0,



Stationary Solution of SPDEs with Non-Lipschitz Coefficients 21
youn — y0am for aa. s € [0,T], z € R? as.

By Lemma 1.5 again,
T
B [ ()~ i (si0) o (a)dods
0 R4
T
<CE[[ [ (s, X0%) 075, X0 o) dnds
0 Rd

T
— G, B / / YR §0en 2) 5 (o) duds]
0 R4
=0

So u™(s,x) = 0"(s,x) for a.a. s € [0,7], z € R? a.s. Uniqueness is proved.

Existence. For each (t,z) € [0, 7] @ RY, define u™(t,z) = Y;"*™ and v"™(t,z) = Z"™", where
tym rzten 2,0 . 72(d. 1 2,0 . 72(d. Rd)) :
(Your ziom) €S20, TT; L (R RY)) @ M>0([0, TT; L2(RY RY)) s the solution of Eq.(2.5).
Then by Proposition 2.10,
u(s, X% = Yhor (s, XL) = ZL® for a.a. s € [t,T], = € R? ass.

Set

F'(s,x) = f(s, x,u"(s,x),v" (s, sc)),

G} (s,x) = gj(s,z,u" (s, x),v" (s, x)).

Then it is easy to see that (V""" Z""") € M2O([t,T; L2(R%; RY)) @ M2O([t, T); L2(R%; R?))
is a solution of Eq.(2.21) with above F™ and Gj—V. Moreover, by Lemma 1.5,

T
n 2 n 2 —1
BU[ [ (s + (s, 0o (@)dads] < o.

Then from a similar computation as in (2.20) we have
T n
E[/ / (|F™(s,x)|* + Z |G;‘(s,x)|2)p_1(m)dxds] < 0.
0o Jra 4
j=1

Now using some ideas of Theorem 2.1 in [3], similar to the argument as in Section 4 in [25], we
know that v™(s,x) = (6*Vu™)(s,z) and u™ is the weak solution of the following SPDE:

T n_oo.T .
u"(t,z) = h(x) +/t [Zu™(s,x) + F"(s,x)|ds — Z/t G’ (s, z)d Bi(s), 0<t<s<T.
] (2.22)

Noting that by the definition of (s, x) and G7 (s, z) and the fact that v" (s, z) = (¢*Vu")(s, v),
from (2.22), we have that u™ is the weak solution of Eq.(2.19). o

In the rest part of this subsection, we study Eq.(1.3) with f and g allowed to depend on
time. If (Y/*, Z4®) is the solution of Eq.(2.1) and we define u(t,z) = Y;*, then by Proposition
4.2 in [25], we have o*Vu(t,z) exists for a.a. t € [0,T], € R? a.s., and
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u(s, X% = Y5, (0*Vu)(s, X1®) = ZL% for a.a. s € [t,T), = € R as. (2.23)

Also by Theorem 2.11 and Lemma 1.5, we have
T
B[ [ w(s.) = ulsin) o (@)dods]
0o Jre
T
Bl [ 10"V s.2) = (0" Va)(s,2) P () dads]
0o Jre
T
<GB [ [ (s, X0%) (s, X0 ) dods]
0o Jra
+C E/ |(0*Vu") (s, XOT) — (0*Vu) (s, XO0) 2 p~ ! (z)dads]
R

d
/ / ‘YOxn
Rd

+C’pE[/ / |Z0=n — 7971257 (g)dxds] — 0, asn — oo. (2.24)
0o Jre

(x)dxds]

With (2.24), we prove the other main theorem in this section.

Proof of Theorem 2.3. We only need to verify that this v defined through Y;t’w is the unique
weak solution of Eq.(1.3). By Lemma 1.5 and (2.23), it is easy to see that

(c*Vu)(t,z) = Z!'" for a.a. t € [0,T)], z € R a.s.

Furthermore, using the generalized equivalence norm principle again we have
T
BU[ [ (uls0) + 10" Vu)(s.0))p o) dods]
0 R4
T
<CE([ [ (uls X0 + (0" Vu)(s, X))o (o)
0 R4

K

Now we will verify that u(¢, x) satisfies (1.4). Since u™(t, x) is the weak solution of SPDE (2.19),
so for any ¢ € C°(R%RY), u™(t,r) satisfies

Hp~Y(z)drds] < oo. (2.25)

n 1 T . . i}
[ et [ @z =g [ [ 00906,y
T
[ [ w9 (- A wdaas
T
= /t /]Rd f(5,1‘7u"(8,x); (o-*vuﬂ)(s’x))gp(aj)dl'ds (2.26)
n_ T
_Z/t /Rd g5 (s, 2, u"(s,2), (0" Vu")(s,2)) p(x)dwd 3;(s) P —as.

By proving that along a subsequence (2.26) converges to (1.4) in L?(§2), we have that u(t,z)
satisfies (1.4). We only need to show that along a sequence as n — oo,
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T
E[ ‘/t /]Rd (f(8,$,u"(8,$)v (U*Vu”)(s,x)) — f(s,x,u(svx)’ (U*V“)(sax)))@(f)dxdsm 0

First note
E| |/ / (s,z,u™(s, ), (0" Vu")(s,2)) — f(s,2,u(s, z), (0" Vu)(s,2))) p(z)dzds|’]
< CpE[/t y [f(s,2,u" (s, 2), (0" Vu)(s,2)) = f(s,2,u(s, ), (0" Vu) (s, 2)) *p " (x)dzds]
T
< C,,E[/t y |f(s,2,u™(s,z), (c*Vu")(s,z)) — f(s,2,u"(s,2), (6*Vu)(s,2))|*p ! (x)dzds]
T
+CpE[/t 9 [f(s,2,u" (s, 2), (0" V) (s,2)) — f(s, 2, u(s, x), (0" Vu) (s, 2)) *p " (z)dxds]
T
E[/t » |(0*Vu™) (s, 2) — (6*Vu)(s,z)[*p~* (z)dxds]

T
s,z u(s,2), (V) (s, 2)) — F(s,z,u(s,x), (c*Vu)(s,z))|*p~  (x)dxds)].
AGE([ [ 1500 5,2), (0" V) 5,2)) = 5.5, 2). (07 V)P~ ()]

We face a similar situation as in (2.18) and only need to prove that along a subsequence as
n — o9,
T
E[/ / |f(s,z,u"™(s, ), (0*Vu)(s,z)) — f(s,2,u(s,z), (c*Vu)(s,z))|*p ! (x)dxds] — 0.
t Rd
(2.27)

For this, note that we have (2.24) which plays the same role as (2.17) in the proof of Theorem 2.2.
Thus we can find a subsequence of {u" (s, z)}22 ; still denoted by {u™(s,z)}>2 s.t. u™(s,z) —
u(s, x) for a.e. s € [0,T], x € R, a.s. w and E[fOT Jga sup,, [u"(s,2)|?p~  (x)dxds] < oo. It turns
out that, for this subsequence {u"(s,x)}52,, by Condition (H.4), we have

/ /R sgp|f s, z,u"(s,2), (0*Vu)(s,2)) — f(s,2,u(s,z), (6*Vu)(s,z))|*p ! (z)drds] < oo

Thus (2.27) follows from using Lebesgue’s dominated convergence theorem. Convergences of
other terms in (2.26) are easy to check.

Therefore u(t, z) satisfies (1.4), i.e. it is a weak solution of Eq.(1.3) with w(T, z) = h(x). We
can prove the uniqueness following a similar argument in Theorem 2.11. o

3 Stationary Solutions of SPDEs and Infinite Horizon BDSDEs
In this section, first we will give the proof of Theorem 1.7. Then we show that the condi-

tions in Theorem 1.7 are satisfied, i.e. both Theorem 1.8 and Theorem 1.9 are true under our
assumptions.

3.1 Proof of Theorem 1.7

Proof. First note that Eq.(1.7) is equivalent to the following BDSDE
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(3.1)

Vi = Vit 4 [T F(XEe, v, Zbe)dr — [ g(Xbe, vie, 200)dt B, — [ Z52dW,
limr_ o e ETYp =0 as.

Let B, = By, — By for arbitrary 77 > 0 and —oco < u < T”. Then B, is a Brownian motion
with By = 0. For any r > 0, applying 6, on B,,, we have
ér oB, = ér o (BT’fu - BT’) = BT/fqur - BT/Jrr
= (BT’—u-l-r - BT’) - (BT/+T - Bé‘) =By +—B_,.
So for 0 < s <T < T and {h(u,-)}u>0 being a .%,-measurable and locally square integrable

stochastic process with values on £, (L2(R% R")), we have the relationship between the forward
integral and backward It6 integral (c.f. [25])

T T —s
/ h(u,-)d'B, = —/ h(T' —u,-)dB, a.s.
s T -T

and for arbitrary T > 0,0< s <T,r >0,

T
0, o h(u,-)di B, = / 0, 0 h(u—r,-)d'B,. (3.2)

Since (Y, 2") € S*KNM>~K(]0,00); L2(R%RY)) @ M>K([0,00); L2(RY; R?)) is the
unique solution of Eq.(1.7), it follows that g(X"", Y, Z"") is locally square integrable with
values on L3, (L?)(Rd;Rl)). Therefore by (1.6) and (3.2), for a.e. z € R?

T
9To/ g(XL= v, zbn)d' B,

~ T+r A
ioo [ okt iz 2 b,
s+r
T+r R R R
_ / g(XETE B oY B0 75 VAT By, (3.3)
s+r
Now applying the operator 6, on both sides of Eq.(3.1) and by (3.3), we know that 0, o yhe
satisfies the following equation

O, 0 I =0, 0 V2" + [T17 f(XEFe 6, 0 V" 6, 0 257 )du

s+r N R R R
— [ g(XLT 0, 0¥ b0 2,7 )d By — [T 0,0 27, dW, (34)

str u—r> u—r
limg_, o e KT+ (4, 0 Y%x) =0 as.

On the other hand, from Eq.(3.1) it is obvious that

t+r,x _ y t+rT T+r t+r, t+r, t+r,
YS+T — YT+r + fs-‘,—r f(Xu-‘rr x’ Yu+T w7 Zu+r w)du
T+r ~ T+r
— [T g(Xne Y, 2 dt B, — [T Zireaw, (3.5)
limr_ o0 e*K(T“)waia’m =0 a.s.

Let Y = 0,0V, Z" =6, 0 Z'-1"". By the uniqueness of the solution of Eq.(1.7) in the
space S22~ K N M%K([0, 00); LZ(R% RY)) @ M>~5([0, 00); L2(R%; RY)), it follows from com-
paring (3.4) with (3.5) that for any r > 0 and ¢ > 0, in the space L2(R% R') @ L2(R%; R)
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0,0Vl =Y =Y 0,02 =200 = ZHT forall s >t as.

Then by the perfection procedure ([1], [2]), we can prove above identities are true for all s > ¢,
r > 0, but fixed ¢ > 0 a.s. In particular, for any ¢ > 0, in the space L%(Rd; RYH® Lz(Rd; R%)

b, 0V} =Y forallr >0 as. (3.6)

From the assumptions, we also know that u(t,-) = Yt is the continuous weak solution of
Eq.(1.3). So we get from (3.6) that for any ¢ > 0, in the space L2(R% R') @ L2(R%; RY)

Orou(t,)=u(t+r,-) forallr>0as.

Until now, we know ”crude” stationary property for u(t,-), but due to the continuity of wu(t, )
w.r.t. t we can obtain an indistinguishable version of (¢, ), still denoted by wu(t,-), s.t.

Opou(t,)=u(t+r,-) forallt, r>0 as.

So we proved that wu(t,-) is a “perfect” stationary weak solution of Eq.(1.3).

By Definition 1.3, it follows that g(-,u(s,-), (6*Vu)(s,-)) € L, (L3(R%R!)) should be lo-
cally square integrable. Now we consider Eq.(1.1) with cylindrical Brownian motion B on Uj.
For arbitrary 77 > 0, let Y be the solution of Eq.(1.7) and u(t,-) = Y;*" be the stationary solu-
tion of Eq.(1.3) with B chosen as the time reversal of B from time T’ ie. By = Byr_s — By
for s > 0. Doing the integral transformation in the integration form (1.4) of Eq.(1.3), it is easy
to see that v (z) £ u(T’ — t,z) satisfies (1.1).

In fact, we can prove a claim that v:(-)(w) = Y;:F, (@) does not depend on the choice of
T'. For this, we only need to show that for any 7" > T", Y, _tt (W) = YTT,* (&%) when
0 <t<T', where &(s) = Byr_s — By and &*(s) = Bpi«_s — Bys=. Let 6. and 6* be the shifts
of @(-) and &* () respectively. Since by (3.6), we have

YTT/Ltt (@) = lLjT/—tYOO’.(‘:f) :YOO’.(éT’—t@)a
Y (@) = 00 Y (0%) = Yo (0e_ ).

So we only need to assert that éT,_ta; = HA},*%&)*. Indeed we have for any s > 0,

(O @) (s) = &(T" —t 4+ 5) — O(T' — 1)
= (Br/—(1'—t+s) — Br') — (Bpr—(1/—) — Br")
= B,_, — B;.

Note that the right hand side of the above formula does not depend on 7", therefore éT/_ta(s) =
03,._,&*(s) = By_s — By.

On the probability Space (2, %, P), we define 6, = (ét)’l, t > 0. Actually B is a two-sided
Brownian motion, so (6;)~! = é ¢ is well defined (see [1]). It is easy to see that 6, is a shift
w.r.t. B satisfying

i) P-(0)! =P
(111) 98 e} 9,5 = 95+t;
(IV) Ht ] Bs = Bs+t — Bt~
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Since v(+)(w) = uw(T" —t,-) (@) = Y;ljtt"(d;) a.s., SO

0,01 () (w) = O_yu(T" —t,-)(&) = O bpu(T" —t — 1, )(&) = w(T" —t —7,-) (&) = vepr (1) (W),

for all » > 0 and 77 > t+7 a.s. In particular, let Y (+)(w) = vo(-)(w) = YTT,/(&;) Then the above
formula implies:

0:Y (w) =Y (biw) = vr(w) = v(t, v9(w),w) = v(t, Y (w),w) for all t > 0 a.s.

That is to say ve(-)(w) = vo(+)(frw) = Y (+)(brw) = YT:’:/__;"((I)) is a stationary solution of Eq.(1.1)
w.r.t. 6. o

3.2 The solution of infinite horizon BDSDE

We now consider the following infinite horizon BDSDE with infinite dimensional noise, which
has a more general form than BDSDE (1.7):

efKSYSt,m :/ efKrf(T, Xt:r Yta: Zta: dT’+/ Ke™ Kryt T
- [ e R X i 2B [ e Rz awy. @)

Here f : [0,00) x R? x R! x RI— R, g : [0,00) x R? x R! x R? — L3 (RY). BEq.(3.7) is
equivalent to

e—KS)/st,z :/ —Krf(r th Ytac Ztm dT+/ Ke™ Kryt T e
_Z/ th Ytz Zt z)dTﬁ ( ) / eiKr<Z7th,dWT>.

We assume the previous conditions (H.2)-(H.6) with the following changes:

(H.8). Change “%jp,1)” to “Pr+" and “r € [0,T]” to “r > 0” in (H.2).
(H.9). Change “fOT” to “[; e " in (H.3).
(H.10). Change “r € [0,T]” to “r > 0” in (H.4).
(H.11). Change “u € R to “u > 0 with 2u— K —2C — 2521 C > 07, “r € [0,T] to “r > 07
and < o, V(o) ~ ool )" 0 S e UIE) ~ Vel as”
n (H.5).
(H.12). Change “r € [0,T]” to “r > 0" in (H.6).

Then we have the existence and uniqueness theorem for the general form BDSDE (3.7):
Theorem 3.1 Under Conditions (H.7)-(H.12), Eq.(3.7) has a unique solution.

Proof. Here we only prove the existence of solutions as the uniqueness is similar to the procedure
in the proof of uniqueness of Theorem 5.1 in [25] although we need the technique as in the proof
of uniqueness of Theorem 2.4 to deal with the non-Lipschitz term. For each n € N, we define a
sequence of BDSDEs by setting h = 0 and T = n in Eq.(2.1):
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t.x,n __ " t,x t,x,n t.x,n _ " t,x t,x,n t,x,m\ JT 1
Y. X0Y Z d X 0Y Z d'B
s - f(?“, r ytr » ) T g(’l"7 r oy r y “r ) T
S S
n
- / (ZETm AW, 0< s <, (3.8)

S

It is easy to verify that BDSDE (3.8) satisfies conditions of Theorem 2.2. Therefore, for
each n, there exists (Y.""", Z""") € 527K ([0, n]; L2(R%; RY)) ® M>~K([0,n); L2(R% RY)) and
(Yien ZbLen) is the unique solution of Eq.(3.8). That is to say, for an arbitrary ¢ € C?(R%; RY),
(Yhen Z6on) satisfies

/ 7Ksyt T, n dx _ / / 7K7’f X}E,z7 Y;,z,n’ Zﬁ’m’”)go(:r)dxdr
Rd

/ Ke Kryteno(z)dadr
- / / (r, X =, Y om, 26w o (z)dad! B;(r)
Rd

—/ </ KT 7L (N de dW,) P — as. (3.9)
s R4

Let (Y}, Z)isn = (0,0). Then (V" Z7) € §2-K ( M2=K ([0, 00); L2(R% RY)) @ MK
([0, 00); L%(Rd;Rd)). Using a similar argument as in the proof of Theorem 5.1 in [25], we can
prove that (Y/%" ZL@m) is a Cauchy sequence. Take (Y, Z1%) as the limit of (Yo", ZLom)
in the space S>~5 M2 ~5([0,00); L2(R%;RY)) @ M>~([0, 00); L2(R%; R?)) and we will show
that (Y%, Zb®) is a solution of Eq.(3.7). We only need to verify that for arbitrary ¢ €
CORERY), (YE®, ZL®) satisfies

[ eevimpton = [ [ et g i v 2 pwpdsdr
R4 Rd
/ Ke Kryte o(z)dxdr

_ / /R d ry X5T VI 250 o () dad! By (1)

- / ( / KT 78 () dw, dW,) P — aus. (3.10)
s R4
Noting that (Y/*", ZL*™) satisfies Eq.(3.9), we can prove that (Y*, ZL") satisfies Eq.(3.10)

by verifying that along a subsequence Eq.(3.9) converges to Eq.(3.10) in L?(§2) term by term
as n — 00. Here we only show that along a subsequence

BUL [ [ e X0n Yo, 20 ol dods
s R4
—/ / e_Krf(r, Xhr yht Zﬁ’x)w(ac)dxdﬂz] —0as n — oo.
: Rd
For this, note that

R B N e L
s R4
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< 2F]| \/ /Rd Xtac Ytz n thn) — f(r, Xﬁ’i,Yrt’g”,an’I))w(x)dxdrP]
2 '/ /R e Fr Xyt Y, 20 ) o) dadr ]

BU[ [ e I X Y 25 < X0 Y0, 20 P (o)
s R4

<[ [ e ot o) doar

wp([ [ el v 2 wdedr] [ [ o gl plo)ddr
n R4 n R4
o
BU[ [l X0 Y 2 < X0t Y 20 B o)
s Rd
FCEL[ [ e X Y 20%) < (X0 Y 22 )]
s R4
eyl / e U Xt v 2 ) dndr]
Rd
/ / 7Kr‘thn Zt:z:|2 71( )dl’dT}
Rd
SB[ [ TR Y |27 P )
n R4
FCEL[ [ e X Y 20— (X Y, 2 o) ddr)
s R4
Similar to (2.18), we only need to prove that along a subsequence

BU ™ [ e U X Y 2 — X0V, 26 (a)dadr] 0 s n oo,
Rd
(3.11)

Since {Y"*"}22 | is a Cauchy sequence in the space M?>~5([0, 00); L2(R% R')) with the limit
Y5H¥ asn — 0, we have

/ / e Kriyben _yte 2=l (g)dedr] — 0. (3.12)
]Rd
Then from (3.12) we can find a subsequence of {Y,5>®"}2 | still denoted by {Y,5*"}, s.t.

Yhen — Y forae.r > 0,2 € R as.wand B[, [pa e X" sup, |V,2*"2p~ ! (z)dwdr] < oc.
Therefore, for this subsequence {Y,"*"}5° ;. by Condition (H.10), we have

BU [ e supl (X0 Y0m 20%) = X Y2 20 P o]
]Rd
<C’E/ / 1+sup|Y””|2+|Y”|2+|Z””| )p~H(z)dxdr] < oo
Rd

Then (3.11) follows from applying Lebesgue’s dominated convergence theorem and Condition
(H.12). That is to say (Y%, Z;””)SZO satisfies Eq.(3.10). The proof of Theorem 3.1 is complete. ¢
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By a similar method as in the proof of the existence part in case (i) in Theorem 5.1 in [25],
we have the following estimation:

Proposition 3.2 Let (Y/%", ZL®™) be the solution of Eq.(3.8). Then under the conditions of
Theorem 3.1,

sup Elsup [ e oy @) el s [ [ e Ko yren ) e

—|—supE/ / e KT\ ZEmm ()2 p~ Y (w)dwdr] < oo.
R4

3.3 Proofs of Theorem 1.8 and Theorem 1.9

All the proofs until now in this paper have shown us how to deal with the non-Lipschitz term.
Indeed the proofs of Theorem 1.8 and Theorem 1.9 are rather similar to the proofs in Section
6 in [25] even under the non-Lipschitz conditions. So we only intend to give the proof briefly.
Proof of Theorem 1.8. Since the conditions here are stronger than those in Theorem 3.1, so
there exists a unique solution (Y%, Z1*) to Eq.(1.7). We only need to prove Elsup,sq [pa e PKe

Ve p~ Y (2)da) < oo. Let oy p(@) = 25 [ocpany + N7 (B2 — 52 N) (45 ny. We apply the
generalized It6’s formula to e X7y, (v (Y1) for ae. z € Rd to have

T

T o (U (V) [P e (s (V)

1 4 —pKr, " t,x ! t,x\|2| 7t,x|2
+5 | e N (U (V) (V) P12 Pdr
T
+/ € pKTQDNp(wM( ))I{ M<Y“”<M}|Zt$|2dr
T

< e PN, (P (Yr")) +/ TP (nr (V) g (V) F (X", Y0, Z0 ) dr

T
_|_/ eipKrSDNp@bM( ))I{ M<Y”<M}Z|gj Xtm Ytz th)| dr
s j=1

1 T
_|_§/S e pKT(ﬂNp(@[}M( ))W’M Ytz| Z|91 th Ytz th)| dr
—Z / e PTG (g (V50 g (Vo) gy (X%, Y Z0%) o ()

T
- / (PTG (o (V) 3 (V) 257, 4. (3.13)

From the above estimation, using limy .. e "5 TN 1, (¥ (Y%x)) = 0 and taking the limit as
M — oo first, then the limit as N — oo, by the monotone convergence theorem, we have

E[/ / e PRI p (@) dadr ] +E/ / PRIy e P 2 27 () ]

<C,+C, /R Z |g;(,0,0)[Pp~ Y (z)dz] < 0. (3.14)
j=1
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Also by the B-D-G inequality, the Cauchy-Schwartz inequality and the Young inequality, we
can obtain another estimation from (3.13):

Blsup [ ey (o)l
>0 JRd

st/ If(w,O,O)Ipp‘l(x)daf+Cp/ > " 1g;(2,0,0)[Pp " (2)da
R4 Rd
Jj=1

o0
+C, ] / / o PKT|yta
0 R4

So by (3.14), Theorem 1.8 is proved. o

o0
P2 )dadr) + B[ [ e PRy o) dndr).
0 R4

Now we turn to the proof of Theorem 1.9.
Proof of Theorem 1.9. First note that we also can prove Lemma 6.2 in [25] under the
conditions in this theorem, so we have

B(iswp [ e oy - vie 2 o))
Rd

s>0
’ =2
<Gl [ e -y ([ @)
s>0 JRd R4
< Cylt' —t]5.

This is because we actually did not use the Lipschitz condition of f w.r.t. y and the monotone
condition is enough. Noting p > 2, by the Kolmogorov continuity theorem (see [14]), we have
t — Y} is a.s. continuous for ¢ € [0,7] under the norm (sup,sg [pa €25 - 2p=(x)dx)=.
Without losing any generality, assume that ¢’ > ¢. Then we can see that

lim ( e_ZKt,|Yt’fl’w — Yt'f’z|2p_1(sc)dm)% < lim (sup/ e 2Ks|ytw _yitr 2= (1) dr)r =0 as.
t'—t JRa t'—t s>0 JRd

Notice ¢’ € [0,T], so

lim ( / Ve — ViR N (a)da)? =0 aus. (3.15)
Rd

t'—t

Since Y. € §27K ([0, 00); L2(R%; RY)), Y2 is continuous w.r.t. ¢’ in L2(R?; R!). That is to say
) t P
for each t,
lim(/ Yo =Y 2 p Y(z)da)? =0 as. (3.16)
Rd

t'—t

Now by (3.15) and (3.16)

! (@)da)’

tin ([ |y - v
Rd'

t'—t
. t'x t,x
<tim([ |V -
t'—t R4
=0 as.

Yo =Y Py () da)

2p~Yz)dx)? + lim(/
t'—t R

d

For arbitrary 7" > 0, 0 < ¢t < T, define u(t,-) = }/tt", then wu(t,-) is a.s. continuous w.r.t. ¢
in L2(R%RY). Since Y. € S27K([0,00); L2(R%GRY)), Y ° is FE_ ® PBra measurable and
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B[ [a Y7 *[2p~ (2)da] < oo. It follows that Condition (H.1) is satisfied. Moreover, Conditions

(A.

1)-(A.6) are stronger than Conditions (H.2)—-(H.7), so by Theorem 2.11, u(t, z) is a weak

solution of Eq.(1.3). Theorem 1.9 is proved. o
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